In this article an analogue of E. Cartan's theorem about the existence of (local) totally geodesic submanifolds with a prescribed tangent plane is proved, namely for the existence of spherically bent submanifolds (¼extrinsic spheres); also a global version is deduced.
Introduction
In a riemannian manifold M the simplest submanifolds are the totally geodesic ones. An inhabitant of M will consider them as uncurved. The onedimensional examples are the geodesics. However the examples of proper totally geodesic submanifolds of dimensions b2 may be very rare. Already E. Cartan has investigated this situation: Starting from a point p A M, a linear subspace U Y T p M of dimension b2 and some e > 0 such that U e ð pÞ is a normal neighbourhood he obtained the following The most famous special case of this theorem is the well known relation between Lie triple systems and totally geodesic submanifolds in the theory of symmetric spaces.
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In this article we solve the analogous problem for spherical submanifolds, known also as extrinsic spheres from the article [NY] of Nomizu and Yano. In the euclidean space the open parts of linear subspaces and of ordinary spheres (of any dimension) are the spherical submanifolds. In an arbitrary riemannian space M the spherical submanifolds are those which are bent uniformally, that means, they are totally umbilical and have a parallel mean curvature normal (see Definition 1) . If N is a spherical submanifold, p A N a fixed point and z the mean curvature normal of N at p, then every normal e-neighbourhood of N about p is uniquely determined by the data ð p; U :¼ T p N; zÞ, because the unit speed geodesics c of N through p are circular arcs of M, that means, they satisfy the third order di¤erential equation
(q denotes the canonical unit vector field of R), and the solutions of this equation are uniquely determined by their initial values cð0Þ; _ c cð0Þ and ð' q _ c cÞð0Þ (see the Propositions 1(f ), 2 and 3).
This observation has led us to construct ''circular e-umbrellas'' N e ðp; U; zÞ for prescribed data ðp; U; zÞ analogously to (1) (see Proposition 5); they are locally (the only possible) candidates for spherical submanifolds of M associated to ð p; U; zÞ. In fact, we will prove in section 6: 
Then N e ð p; U; zÞ is a spherical submanifold of M.
The proof of this theorem is inspired by a discovery of K. Tsukada (see [T] ), namely that n-dimensional totally geodesic submanifolds are related to the integral manifolds of a canonical (horizontal) distribution defined on the Grassmann bundle G n ðTMÞ over the riemannian manifold M. Already in [PR] we used this idea for a short proof of E. Cartan's theorem. Here in this article we present an analogue to Tsukada's result by constructing such a horizontal distribution D on a submanifoldÊ E of the fibre product G nþ1 ðTMÞ Â M TM that the n-dimensional spherical (not totally geodesic) submanifolds are related to the integral manifolds of D (Theorem 2). Furthermore, we prove that D is involutive in ðU l Rz; zÞ Â E E if and only if ðU; zÞ satisfies condition (4) appropriately modified (see Proposition 9(e)); here the curvature form of a horizontal structure on G nþ1 ðTMÞ Â M TM is the essential tool. After that the proof of Theorem 1 is similar to our short proof of Cartan's theorem: Over the circular e-umbrella N e ðp; U; zÞ we construct a submanifold S e ðp; U; zÞ HÊ E built up by horizontal lifts of the circular arcs c u (used in Theorem 1). As these lifts are tangential to D, we call S e ðp; U; zÞ a D-umbrella (see Definition 3). Since condition (4) implies the involutivity of D at all points of S e ðp; U; zÞ, this D-umbrella is an integral manifold of D according to Theorem 3 (a theorem usefull also in di¤erent situations), and therefore N e ð p; U; zÞ is a spherical submanifold of M.
Of course, maximal connected integral manifolds of D give rise to maximally extended spherical manifolds of M, possibly with selfintersections; they are described correctly by maximally extended spherical immersions f : N ! M. Theorem 4 shows that they are geodesically closed under suitable hypotheses (see Definition 4); in particular, if in this situation M is complete, then N is complete, too.
Notations and general basic facts
At first we remark that all manifolds, maps etc. are assumed to be C y di¤erentiable if not otherwise stated.
In this article M always denotes a connected riemannian manifold of dimension m; p M : TM ! M, hÁ ; Ái, ' and R denote its tangent bundle, riemannian metric, Levi-Civita connection and curvature tensor, respectively. For all other (riemannian) manifolds the analogous geometric objects will be marked by an appropriate index. Furthermore, for any curve a : J ! M and any t 1 ; t 2 A J let
denote the parallel displacement in M along a. In this article an essential geometric object will be the connection map K : TTM ! TM of M (see [D] , [P] , [L] p. 284). It is a vector bundle morphism along the projection p M ; in particular, the following diagram
on the existence of spherically bent submanifoldscommutes. K is defined by1
where id TM is considered as a vector field of M along the projection p M . Consequently, for every curve x : J ! TM we have
for q and T v p M see the end of this section. If for p A M and v A T p M the vertical subspace kerðT v p M Þ ¼ T v ðT p MÞ is denoted by V v ðp M Þ, we obtain that the restriction
Furthermore, the restriction
Therefore one obtains: If g : L ! TM is some di¤erentiable map and Y 1 ; Y 2 : L ! TM are two vector fields along p M g, then there exists one and only one vector field X :
For any di¤erentiable map f : N ! M its di¤erential is denoted by f Ã or Tf and its restriction to T p N sometimes by T p f . A submanifold N of M is said to be regular, if its topology is induced by the topology of M. At last, by q we denote the canonical unit vector field of R; thus, ' q x denotes the covariant derivative of a vector field x : J ! TM with respect to t A J.
Basic properties of spherical maps and submanifolds
Definition 1. (a) An isometric immersion f : N ! M is said to be spherical if it is totally umbilical, i.e., there exists a normal vector field H along f such that the second fundamental form h of f is given by
and if this field H is parallel in the normal bundle of f , i.e.,
H is the so called mean curvature normal of f . We put 0ð f Þ :¼ hH; Hi: [NY] under the name extrinsic spheres. In fact, they were treated already before, e.g., in [LN] and [No] . (b) Every totally geodesic map (resp. submanifold) is also a spherical map (resp. submanifold), namely with 
Proof. If condition (13) is satisfied, then V and every parallel translate of V is curvature invariant (because of 'R ¼ 0). According to the theorem of E. Cartan (mentioned in the introduction) there exists a totally geodesic submanifold N N of M with p AÑ N and T pÑ N ¼ V ; moreover,Ñ N is a space of constant curvature c. Applying the last remark (c) we see that there exists a spherical submanifold N ofÑ N adapted to the initial data ðp; U; zÞ and which therefore contains N e ð p; U; zÞ as open part. -Conversely, according to a result of B. Y. Chen every spherical, not totally geodesic submanifold N of M with dim N b 2 is a hypersurface of a totally geodesic submanifoldÑ N of M, which has constant curvature (see [Ch] ). Therefore condition (13) is satisfied. r Proposition 1. Every spherical immersion f : N ! M with mean curvature normal H and shape operator A has the following properties for all X ; Y ; Z A XðNÞ: 
on the existence of spherically bent submanifolds
Proof. (a) is deduced from (11) by use of the relation between h and A. From (a) and (12) (11) and (12) are used again. r
Circular arcs and circular e-umbrellas
At first we quote a result from Leung and Nomizu, see §1 in [LN] .
Proposition 2. A unit speed curve c : J ! M is a circular arc if and only if it satisfies the di¤erential equation
The term ' q _ c c is the mean curvature normal of c, and hence we have h' q _ c c; ' q _ c ci 1 0ðcÞ for circular arcs.
In order to make full use of Proposition 2 we consider di¤erential equations of this type more generally. 
aÞ ð14Þ
defined on an open interval J ðv; aÞ , satisfying the initial conditions 0 A J ðv; aÞ , _ a a ðv; aÞ ð0Þ ¼ v and ð' q _ a a ðv; aÞ Þð0Þ ¼ a, and which is unique and maximal in the following sense: Ifã a :J J ! M is another solution of (14) with the same initial data, thenJ J H J ðv; aÞ andã a ¼ a ðv; aÞ jJ J.
then for every compact subset C H TM Â M TM there exists a parameter t 0 A J ðv; aÞ such that ð _ a a ðv; aÞ ; ' q _ a a ðv; aÞ Þðt 0 ; d½Þ V C ¼ j ðresp: ð _ a a ðv; aÞ ; ' q _ a a ðv; aÞ Þðd; t 0 ½Þ V C ¼ jÞ:
is an open neighbourhood of the set f0g Â ðTM Â M TMÞ in R Â ðTM Â M TMÞ, and the map
ðt; v; aÞ 7 ! a ðv; aÞ ðtÞ is di¤erentiable.
Proof.
Then there exists one and only one vector field X A XðTM Â M TMÞ such that its components
see (10). Using these formulas one easily checks:
. If a is a solution of the di¤erential equation (14), then ð _ a a; ' q _ a aÞ is an integral curve of X .
. If x is an integral curve of X , then a :
solution of the di¤erential equation (14). Therefore, the theory of integral curves of vector fields implies all assertions (e.g., see [W] ). r
Let us apply Proposition 3 to get some information on circular arcs. For that we fix a value 0 A R and introduce the vector field3
which via (14) is associated to the di¤erential equation c u ðÀe; e½Þ is a regular submanifold of M (see section 1), which we will call the circular eumbrella associated to the data ðp; U; zÞ.
Proof. We will mimic the construction of the exponential map of a riemannian manifold at a point, where the geodesics are replaced by circular arcs. For that we apply Proposition 3 to the di¤erential equation (15) 
is a di¤erentiable map with the special value Fð0Þ ¼ p, and
FðtuÞ ¼ c u ðtÞ for every vector u A U and every t A J u : ð18Þ
is canonically identified with U. Therefore, there exists an e > 0 such that the eneighbourhood U e ð0Þ of the euclidean space ðU; hÁ ; Ái p Þ is imbedded into M by F. Because of (17) and (18) (b) Although we have FðuÞ ¼ c u=kuk ðkukÞ for u A U e ð0Þnf0g, where c u=kuk is a simple circle arc, we can not use this formula for a definition of F; it is the purpose of the above construction to remove the ''singularity'' at u ¼ 0. Quite a similar situation will occur in section 6 when we prove Theorem 1. (c) In [NY] the theory of circular arcs is based on the development of curves. But this method would not simplify the proof of Proposition 5.
Horizontal structures
Let p : E ! M be an arbitrary fibre bundle4 and V :¼ kerðTpÞ its vertical subbundle. If E p denotes the fibre of p over p A M, then V e ¼ T e E p for every e A E p .
Definition 2. By a horizontal structure of p we understand a subbundle H H TE, which is complementary to V, i.e., TE ¼ V l H, and by its curvature form the tensor field W of type ð1; 2Þ on E characterized by the equation
the indizes H and V mean that one has to regard the horizontal resp. vertical part of the respective vector field. Furthermore, a C y map g : L ! E is said to be horizontal if it satisfies
Di¤erential geometers are familiar with special horizontal structures: In the article [E] C. Ehresmann introduced connections, which are horizontal structures with a further property (see Remark 5); the best known examples are the connections on principal fibre bundles and the induced connections on bundles which are associated to them (see [KN] ). Other examples appear in the theory of riemannian submersions (see [O'N] ). With the methods of the latter book one can prove: Remark 5. A horizontal structure H is a connection in the sense of Ehresmann, if in the situation of Proposition 7(a) we always haveJ J ¼ J.
Proof. Accepting assertion (a) we first prove (b). For that we pull back the fibre bundle p by means of the map F and get the fibre bundleẼ E ! B shown in the diagramẼ
Analogously to the pullback of connections (see [P] 
For the proof one uses similar arguments as for the proof of the structure equation for the curvature tensor (e.g., see [P] p. 83).
We give now three examples of horizontal structures, which will become important for our investigation. Example 1. A horizontal structure of the tangent bundle related to circular arcs. We modify the construction of the canonical connection of the tangent on the existence of spherically bent submanifoldsbundle over the riemannian manifold M (see [P] p. 77): If K denotes the connection map of M (see (6)- (10) 
for all w; w 0 A T z ðTMÞ ðz A TMÞ; notice (9) and that p M Ã W c TM 1 0 is satisfied automatically. For the proof of (22) let two vector fields X ; Y A XðMÞ be given, denote their horizontal lifts byX X andỸ Y and abbreviate i :
With this expressions we continue using the structure equation for the curvature tensor (e.g., see [P] p. 83):
From this formula (22) can easily be derived.
Example 2. The canonical connection of a Grassmann bundle over a riemannian manifold. For each point p A M let L p M be the set of frames of T p M, which we describe by isomorphisms u : R m ! T p M as in [KN] p. 56 (remember m ¼ dim M); by p : LM ! M we denote the entire frame bundle.
For some fixed number r A f1; . . . ; mg let g r : G r ðTMÞ ! M denote the Grassmann bundle; its fibre over p is the Grassmann manifold G r ðT p MÞ of the r-dimensional subspaces V H T p M. This bundle is associated to the frame bundle via the map
see [B] sect. 6.5.1. For each u A L p M the map % u : G r ðR m Þ ! G r ðT p MÞ, V 7 ! uðV Þ is a di¤eomorphism; and if V A G r ðR m Þ denotes the subspace which is spanned by the first canonical unit vectors e 1 ; . . . ; e r A R m , then the fibre bundle morphism
is a surjective submersion (even a principal fibre bundle). The linear connection HðLMÞ of LM corresponding to ' induces a connection Hðg r Þ (in the sense of Ehresmann, see Remark 5) on the Grassmann bundle (see [KN] p. 87); it is given by here Rðv; v 0 Þ is considered as an endomorphism of T p M; hence, t 7 ! expðt Á Rðv; v 0 ÞÞ is a 1-parameter subgroup of GLðT p MÞ and t 7 ! expðt Á Rðv; v 0 ÞÞðV Þ a curve in G r ðT p MÞ. From this result we have derived for arbitrary w; w 0 A T V G r ðTMÞ
We bring this example to an end by mentioning a canonical C y distribution T ¼ T r on G r ðTMÞ introduced by K. Tsukada in [T] p. 400 in order to investigate totally geodesic submanifolds (in his paper it is denoted by D). For every point V A G r ðTMÞ the linear subspace T V H T V G r ðTMÞ is characterized by
Example 3. The essential horizontal structure of the article. Now we glue together the foregoing examples. For some fixed number n A f1; . . . ; m À 1g we take the fibre product of g nþ1 : G nþ1 ðTMÞ ! M and p M : TM ! M on the existence of spherically bent submanifolds
it is also associated to the frame bundle of M, namely via the map % % : LM Â ðG nþ1 ðR m Þ Â R m Þ ! E; ðu; V ; vÞ 7 ! ðuðV Þ; uðvÞÞ:
Furthermore we introduce the canonical projections P 1 : E ! G nþ1 ðTMÞ and P 2 : E ! TM and define a horizontal structure HðtÞ of t in canonical way, namely by
for all ðV; zÞ A E. From this construction the following is clear: If a : J ! M is a curve with 0 A J and e ¼ ðV ; zÞ A E að0Þ :¼ t À1 ðað0ÞÞ, and if V a : J ! G nþ1 ðTMÞ and z a :J J ! TM denote the maximal horizontal lifts described in (26) and the remark behind (21), then ð28Þ e a :¼ ðV a ; z a Þ :J J ! E is the maximal HðtÞ-horizontal lift of a with e a ð0Þ ¼ e:
Furthermore, using Proposition 8 we can calculate the curvature form W E of HðtÞ, namely for e A E and w; w 0 A T e E we obtain 
A characterization of spherical isometric immersions
By t : E ! M and HðtÞ we denote the fibre bundle and horizontal structure of Example 3.
is a regular submanifold of E (see section 1), and the restriction tjÊ E :Ê E ! M is a subbundle of t : E ! M with typical fibrê
associated to the frame bundle of M via the restriction% % j ðLM ÂF FÞ of the map% % described in Example 3. In the following we will shortly write t instead of tjÊ E. In addition we introduce the vector field (
Proof. For (a): We put F :¼ fðV ; vÞ A G nþ1 ðR m Þ Â R m j v A V g and consider the canonical vector bundle F ! G nþ1 ðR m Þ, ðV ; vÞ 7 ! V as subbundle of the trivial vector bundle
This result is carried over toF F, because this set is open in F. And so alsoÊ E is seen to be a regular submanifold of E via local trivializations of the bundle t : E ! M constructed by means of the map% %; notice thatF F is invariant under the action GLðmÞ
; V ; vÞ 7 ! ðAðV Þ; AðvÞÞ; obviously tjÊ E is a subbundle of t. For (b): LetT T denote the inverse image of the Tsukada distribution T nþ1 by the vector bundle morphism TP 1 j HðtÞ : HðtÞ ! Hðg nþ1 Þ, where TP 1 is the di¤erential of the canonical projection P 1 : E ! G nþ1 ðTMÞ (see the Examples 2 and 3). It is a di¤erentiable subbundle of the horizontal structure HðtÞ, namelỹ T T ðV ; zÞ ¼ fw A H ðV ; zÞ ðtÞ j t Ã w A V g for all ðV ; zÞ A E: Now we proveT
on the existence of spherically bent submanifoldsthat means,T TjÊ E is a distribution onÊ E of rank n þ 1. For the proof of (34) let a point e ¼ ðV ; zÞ AÊ E and a vector w AT T e be given. Then there exists aT Tintegral curve x : J ! E with _ x xð0Þ ¼ w. If we put a :¼ t x, then we get x ¼ ðV a ; z a Þ from Example 3, because x is horizontal. Moreover, _ x xðtÞ AT T xðtÞ implies _ a aðtÞ ¼ t Ã _ x xðtÞ A V a ðtÞ. Since z ¼ z a satisfies the di¤erential equation (21) we find ð' q z a ÞðtÞ A V a ðtÞ; as V a is a parallel subbundle of TM along a according to Example 2 and the initial value z a ð0Þ ¼ z lies in V nf0g ¼ V a ð0Þnf0g, one can easily derive z a ðtÞ A V a ðtÞnf0g for every t in some interval Àe; e½. Therefore, x j Àe; e½ is a curve inÊ E and therefore w A T eÊ E. So (34) is proved. Now the proof of assertion (b) is quickly completed, namely D is the kernel of the linear vector bundle mapT T ! R, w 7 ! hĤ HðeÞ; t Ã wi if w AT T e .
For (c): From the remark behind (21) and the formulas (25) and (28) we know that x is horizontal. Furthermore, t 7 ! hðtÞ :¼ R _ c cðtÞ l Rð' q _ c cÞðtÞ is a parallel subbundle of TM along c with hð0Þ H V ; therefore we get z c ðtÞ A hðtÞ H V c ðtÞ, t Ã _ x xðtÞ ¼ _ c cðtÞ A hðtÞ H V c ðtÞ and t Ã _ x xðtÞ ? z c ðtÞ for every t. Thus we see that x is a curve inÊ E, which is D-integral.
For (d): If X ; Y A GðDÞ and e ¼ ðV ; zÞ AÊ E are given, let x : J !Ê E be the integral curve of X with xð0Þ ¼ e and put a :¼ t x. Then we have x ¼ ðV a ; z a Þ and _ a a ¼ t Ã _ x x. Since in particular x is horizontal, we get:
ðiÞ the parallelity of V a ðsee ð26ÞÞ and ðiiÞ ' q z a þ hz a ; z a i Á _ a a ¼ 0 ðsee ð21ÞÞ:
On the other hand, since Y x is tangential to D, formula (30) shows in particular t Ã Y xðtÞ A V a ðtÞ for every t. Because of (i) we obtain therefore also ð' q t Ã Y xÞðtÞ A V a ðtÞ, particularly:
¼ V ; this is the first part of (31). Next we prove (32) by means of (ii):
After this result we continue using the Ricci identity and obtain the second identity of (31):
hĤ HðeÞ;Ĥ HðeÞi Á ht Ã X ðeÞ; t Ã Y ðeÞi:
For (e): We continue with the data given in the proof of (d). According to the structure equation for the torsion (see [P] p. 101) and using (31) we obtain t Ã ½X ; Y ðeÞ A GðeÞ for all e AÊ E:
Therefore, D is involutive in e ¼ ðV ; zÞ if and only if ½X ; Y ðeÞ A H e ðtÞ for all X ; Y A GðDÞ. Because of (19) and (29) this property is equivalent to
Now we use (27) and (22) 
) with the following properties
Furthermore, S :¼f f ðNÞ is an integral manifold of D andf f is a local isometry onto S, if S is equipped with the riemannian metric hÁ ; Ái S described in (a).
Proof. For (a): Because of Remark 4 tjS is an immersion into M. Thus hÁ ; Ái S can be defined in the appropriate way. In order to show that tjS is spherical, let vector fields X ; Y A XðSÞ ¼ GðDj S Þ and e ¼ ðV ; zÞ A S be given. Then we calculate the second fundamental form h of tjS using the Gauss equation and Proposition 9(d): Because we have
where hðX ðeÞ; Y ðeÞÞ is perpendicular to GðeÞ, the second identity of (31) Since in Proposition 5 the existence of the circular umbrella N e ðp; U; zÞ already was proved, it remains to show that it is a spherical submanifold under on the existence of spherically bent submanifoldsthe hypothesis (4). For that we put n :¼ dim U and continue with the notations used in the proof of Proposition 5. If V ; SðUÞ; V u ; z u and U u have the meaning of Theorem 1, then ðV u ; z u Þ is the horizontal lift e u : J u !Ê E of c u with e u ð0Þ ¼ e :¼ ðV ; zÞ for every vector u A SðUÞ; according to Proposition 9(c) e u is Dintegral.
Furthermore, for every s A R the curve e su : J su !Ê E defined by e su ðtÞ ¼ e u ðstÞ is also D-integral; in addition it is the horizontal lift of c su with e su ð0Þ ¼ e. If we put B :¼ fðt; uÞ A R Â U j t A J u g, then F : B ! M, ðt; uÞ 7 ! c u ðtÞ ¼ F Y ðt; u; hu; ui Á zÞ is a di¤erentiable map. Applying Proposition 7(b) (with g 1 e) we get thatF F : B !Ê E, ðt; uÞ 7 ! e u ðtÞ is di¤erentiable, too. Consequently, F F : U e ð0Þ !Ê E; u 7 ! e u ð1Þ is a di¤erentiable map with t F F ¼ F:
As F j U e ð0Þ is an embedding, the same is true forF F. In particular, is a regular submanifold ofÊ E. Because for every u A SðUÞ the curve t 7 ! F FðtuÞ ¼ e u ðtÞ was proved to be D-integral,F F is a D-umbrella in the sense of the following Definition 3. Moreover, since Gðe u ðtÞÞ ¼ U u ðtÞ, according to Proposition 9(e) the assumption (4) says that the distribution D is involutive at all points of S :¼F FðU e ð0ÞÞ. Therefore, the following Theorem 3 shows thatF F is D-integral; that means, S is an integral manifold of D, and according to Theorem 2(a) tjS is a spherical immersion with the mean curvature normalĤ HjS. Consequently the image tðSÞ ¼ N e ðp; U; zÞ is a spherical submanifold with tangent space GðeÞ ¼ U and mean curvature normalĤ HðeÞ ¼ z at the point p. Thus the proof is complete. r
For the end of this section let D be a C y distribution on a manifold E.
Definition 3. If U is a linear space, B H U a star shaped neighbourhood of 0 in U, J u :¼ ft A R j tu A Bg for every u A U and j : B ! E a C y imbedding such that all curves J u ! E, t 7 ! jðtuÞ are D-integral, then we call j a D-umbrella. This theorem was proved in the last section of [PR] by using a result of Blumenthal and Hebda (see [BH] p. 165).
A global theorem
If in the foregoing proof S is replaced by the maximal connected integral manifoldS S containing S, then tjS S describes a maximally extended spherical submanifold (with selfintersections, if tjS S is not injective). It is the purpose of knut pawel and helmut reckziegelProof. At first we see from (37) that the assumptions (4) of Theorem 1 are satisfied for some circular e-umbrella N e ð p; U; zÞ; hence we find that N e ðp; U; zÞ is a spherical submanifold of M. Applying Theorem 2(b) with the inclusion map f :¼ ðN e ðp; U; zÞ ,! MÞ we get an integral manifoldf f ðN e ðp; U; zÞÞ of D containing e ¼ ðV ; zÞ. LetS S be the maximal connected integral manifold of D which containsf f ðN e ðp; U; zÞÞ (see [Nu, Theorem 4] or [BH, Theorem 1.3 and 1.4 ], a proof of the paracompactness ofS S can be found in [LR] p. 94). Because of Theorem 2(a) tjS S is a spherical immersion with respect to the induced riemannian metric hÁ ; ÁiS S . Of course, we have e AS S, tðeÞ ¼ p, t Ã T eS S ¼ t Ã D e ¼ GðeÞ ¼ U and z is its mean curvature normal at e. Now the crucial point is to prove that tjS S is geodesically closed. For that, let a maximal unit speed geodesicã a :J J !S S be given. As t ã a is a circular arc in M, it can be extended to a maximal circular arc a : J ! M. Let us assume d :¼ supJ J < sup J. Then we choose some broken unit speed geodesicb b : ½0; d !S S starting fromb bð0Þ ¼ e withb bðdÞ Aã aðJ JÞ. We may assumeb bðdÞ ¼ã aðdÞ. As 
